In this paper, a program of the finite element method (FEM), named as SOFT, using a finite element-finite difference scheme (FE-FD) for soil-water-air three-phase coupling problems, has been developed based on a rational and simple constitutive model for unsaturated soil proposed by Zhang and Ikariya (2011) . In the program, similar to the works by Uzuoka et al. (2009) and Oka et al. (2010b) , the FE-FD formulation in saturated condition of soil-water coupling problem, proposed by Oka et al. (1994) , has been extended to unsaturated condition in soil-water-air fully coupling scheme, taking the saturation as a state variable. In order to verify the availability of the proposed numerical method, triaxial tests on unsaturated silty clay under fully undrained and unvented conditions, conducted by Oka et al. (2010a) , are firstly simulated by the proposed method. The development of pore air pressure and pore water pressure measured in the specimen can be reproduced well by the proposed method. Furthermore, model tests on slope failure in unsaturated Shirasu, carried out by Kitamura et al. (2007) , are also simulated by the same numerical method. From the simulation it is known that the slope failure behavior of the model ground observed in the tests can be described, on the whole, with satisfactory accuracy
Introduction
Slope failure is always one of the most interesting research topics for geotechnical studies and engineers, not only because it may lead to tremendous disaster to human beings and civil facilities, but also because of the difficulties in predicting when and where the slope failure may occur in most cases. Generally speaking, slope failure is thought to be related to the shearing deformation due to excavations, the cyclic drying-wetting process, and the decrease in effective stress due to the elevation of the underground water table or heavy rainfall.
In a slope, the groundwater table is usually below the ground surface and the pore water pressure (PWP) in the soil above the groundwater table is negative, or in other words, suction exists. This suction will enhance the stability of a slope in an unsaturated ground. With the infiltration of water from rainfall or the elevation of the groundwater table, the water seepage may cause a gradual loss in suction in the unsaturated soil of the slope. The loss of suction consequently causes a decrease in effective stress, which may then give rise to a decrease of shear strength of the soil and sometimes may even cause a slope failure, namely, a typical surface failure of a slope.
In order to investigate the mechanism of slope failure, some model experiments on slope failure due to rainfall had been done in the laboratory such as the works by Yagi et al. (1983) , Kitamura et al. (2007) , Tohari et al. (2007), Jeng. and Lin. (2011) and Maeda et al. (2012) . In the work by Kitamura et al. (2007) , model tests were conducted on the slope failure in an unsaturated Shirasu ground with different infiltration patterns. In the tests, the PWP at some selected points of the slope was carefully measured by tensiometers and PWP sensors.
Meanwhile, many numerical analyses on the slope failure were also conducted in the past decades. Zhang et al. (2003) carried out a soil-water coupled finite element analysis on the progressive failure of a cut slope in a model ground based on an elastoplastic model with strain hardening and strain softening. In the work by Cai and Ugai (2004) , the finite element method was used with a shear strength reduction technique to evaluate the stability of slopes due to rainfall. Ye et al. (2005) conducted numerical analyses on the progressive failure of slope due to heavy rain with a 2D and a 3D FEM. FEM simulation using a 2D unsaturated-saturated seepage analysis and a slope stability analysis was performed to clarify the slope failure mechanisms due to heavy rain in the work by Sako et al. (2006) .
The above-mentioned simulations were conducted with the soil-water coupling formulation, the air pressure was assumed as constant, and its value is taken as zero for unsaturated soil. In general circumstances, however, the air pressure does not remain constant, but varies, as pointed out in the work by Yamamura (1971) and Gens et al. (2009) . In the work by Oka et al. (2010b) , the multiphase deformation analysis of a river embankment was carried out using a soil-water-air fully coupling finite element method, in which a complex elastoviscoplastic constitutive model for unsaturated soil proposed by Oka et al. (2008) was used. Mori et al. (2011) conducted a 2D dynamic finite element analysis to predict the seepage and the seismic behavior of a slope with unsaturated ground. Iwai et al. (2013) also conducted a numerical simulation of the decomposition behavior and the ground deformation of methane hydrate bearing sediments induced by the depressurization method. In the work, a multiphase mixture theory, in which not only the soil-water-air coupling problem, but also energy conservation were considered, was employed in the finite deformation analysis of a deformation problem caused by the depressurization of the methane hydrate beneath the sea bed.
Much research has been done on the mechanical behavior of unsaturated soils experimentally, empirically, and theoretically. Many constitutive models for unsaturated soils had been developed, e.g., Barcelona Basic Model (BBM) (Alonso et al., 1990) , Kohgo et al. (1993a, b) , Cui and Delage (1996) and Sun et al. (2000) . In these models, the stress and the suction were taken as the independent state variables and the stress-suction-strain relations of unsaturated soil were considered explicitly while the degree of saturation was not considered directly. On the other hand, constitutive models considering the influence of the degree of saturation were also proposed, e.g., the works by Karube et al. (1997) , Gallipoli et al. (2003) , Sheng et al. (2004) , Sun et al. (2007) and Sheng et al. (2008) . Zhang and Ikariya (2011) proposed a simple elastoplastic constitutive model for unsaturated soil using the Bishop-type skeleton stress and the degree of saturation as the state variables. The constitutive model is able to describe not only the behavior of the unsaturated soil but also the saturated soil because the skeleton stress can smoothly shift to effective stress if the saturation changes from an unsaturated state to a saturated state. In the model, a simple moisture characteristics curve (MCC) considering wetting-drying moisture hysteresis of an unsaturated soil is also proposed. Furthermore the overconsolidation of soil is also properly described based on the concept of subloading (Hashiguchi and Ueno, 1977) . The main feature of the model is that the model can describe both the saturated and unsaturated soils using one set of parameters. A brief introduction of the constitutive model and the MCC is given in Appendices A and B. The disadvantage of the model, as pointed out in the work by Sheng (2011) , is that when using Bishop-type effective stress as the state valuable and assuming that e-log p 0 curves at different S r are parallel to each other, an overlooked restriction exists at zero mean effective stress, which may contradict to the aforementioned assumption under typical stress state, e.g., p 0 ¼ 1. Further revision on this model is needed in the near future.
In this paper, based on the model (Zhang and Ikariya, 2011) , a soil-water-air fully coupling FE-FD method is developed to investigate the mechanism of the surface failure of slopes. Because the model (Zhang and Ikariya, 2011 ) is adopted into FEM, a new special calculating scheme is needed and the field equations related to the FE-FD scheme in a soil-water-air fully coupling problem is firstly deduced in detail. The validity of the newly proposed numerical method is then confirmed by the element tests on unsaturated silty clay under undrained and unvented conditions, carried out by Oka et al. (2010a) . Finally, the model tests on a slope failure in an unsaturated Shirasu ground, carried out by Kitamura et al. (2007) , are also simulated by the proposed numerical method. The applicability of the proposed numerical method is verified in detail.
FE-FD scheme in soil-water-air fully coupling problem
The governing equations of the soil-water-air three-phase coupling theory can be classified into three groups: the equilibrium equation, the continuity equation for water, and the continuity equation for air. Details on the derivation of soil-water two-phase equations can be found in the works by Oka et al. (1994) , Kanazawa et al. (2008) , and Kato et al. (2009) , while details on the soil-water-air three-phase equations can be found in the works by Li et al. (2004) , Borja (2005) , Uzuoka et al. (2007 Uzuoka et al. ( , 2008 Uzuoka et al. ( , and 2009 ), Uzuoka (2010) , and Oka et al. (2010b) . These equations are directly listed as follows.
The mass conservation laws for the solid phase, the water phase, and the air phase can be written, respectively, as follows:
where, ρ s , ρ f and ρ a are the apparent densities of solid phase, liquid phase and air phase respectively, and are defined as
and u s i is the displacement vector of the solid phase, u w i is the displacement vector of the water phase, and u a i is the displacement vector of the air phase. ρ is the total bulk density of soil sample.
The total stress of unsaturated soil can be divided into three parts as
where s ij ' is a Bishop-type skeleton stress tensor for the unsaturated soil and p w ; p a are the pore water and pore air pressures respectively. By some algebraic calculations (e.g., the works by Uzuoka, 2010) , it is easy to obtain the following equations:
II. Continuity equation for the water phase
III. Continuity equation of the air phase
where b i is the body force, and s ij and ε ij are the stress tensor and the strain tensor, respectively. S r is the degree of saturation, K is the bulk modulus, k is the permeability of fluid or air, p w is the fluid pressure, p a is the air pressure, and n is the porosity of the soil. In the following context, superscripts s, w, and a denote the solid phase, the water phase, and the air phase, respectively.
Discretization of the equilibrium equation
By some algebraic calculations (see Appendix C), the incremental weak form of the equilibrium equation, Eq. (4), can be written as
Meanwhile, the constitutive model for the unsaturated soils proposed by Zhang and Ikariya (2011) , whose brief description is given in Appendix A, takes the degree of saturation and the overconsolidation ratio as the state variables. Because the constitutive model is a totally new one, a special calculating scheme is needed for the field equations. In the Appendix A, the incremental stress tensor is expressed as
It can also be rewritten in a matrix form as
where 
where
The increments of ΔðS r p w dE Þ and Δ½ð1À S r Þp a dE can be approximated as
On the other hand, in the work by Zhang and Ikariya (2011) , a new moisture characteristics curve (MCC) is proposed, where the relationship between the incremental suction and the degree of saturation is expressed as
where s is the suction and k À 1 s is the tangential stiffness of MCC.
By substituting Eqs. (12)- (15) into Eq. (10), the equilibrium equation discretized in space and time domain can be obtained
Discretization of continuity equations of water and air phases
By some algebraic calculations (Appendix C), the discretized incremental weak form of the continuity equations for the water and the air phases can be written as follows:
By combining Eqs. (16), (17) and (18), the FE-FD formulations for soil-water-air fully coupling field equations for the static boundary value problem (BVP) can be rewritten as where
In Eq. (19), PWP is used as the state variable for liquid phase. Sometimes, however, total water head is more preferred. Therefore Eq. (19) can also be rewritten in another way. According to the definition, total head can be divided into two parts as
where h w e is the positional water head. By substituting Eq. (21) into Eq. (19) and taking into consideration the fact that the positional water head is unchanged, the field equations using the total water head as the variable can be expressed as follows:
Validation of the proposed numerical method
In order to check the availability of the proposed numerical method, triaxial tests on unsaturated silty clay under fully undrained and unvented conditions, conducted by Oka et al. (2010a) , are firstly simulated by the proposed program. The test specimen is 50 mm in diameter and 100 mm in height. In the tests, the initial cell pressure was 450 kPa, and the initial air pressure is set at 250 kPa. Four cases are carried out with different initial suctions, namely, 10 kPa, 30 kPa, 50 kPa, and 100 kPa, and the strain-controlled loading rate is 0.5%/min. 1 shows the three-dimensional (3D) finite element mesh with only one element and the boundary conditions used in the simulation for the triaxial tests under fully undrained and unvented conditions. As the tests were conducted under a constant-confining-pressure condition, the two-dimensional (2D) FE-FD analysis under a plane-strain condition was not suitable. Therefore, the elemental behavior of the triaxial tests should be simulated with the 2D axisymmetric or 3D condition. In this paper, the 3D condition is considered. The half-size specimen is considered because of the symmetric condition along the vertical direction. In the simulation, all the boundary conditions are the same as those in the test. Fig. 2 shows the MCC for the silty clay in the simulation. The values of the parameters involved in the MCC are listed in Table 1 . Fig. 3 shows a comparison between the test and the simulated results of the silty clay under fully undrained and unvented conditions. Since the test was conducted under a constant-strain-rate condition, the time axial is proportional to the strain axial, in other words, the time evolution of the suction is totally the same as the strain evolution of the suction. The figures on the left are the test results and those on the right are the simulation results. The material parameters of the unsaturated silty clay are listed in Table 2 . The way to calibrate the material parameters by triaxial tests can be referred to the works by Zhang and Ikariya (2011) . From the test results, it is known that the higher the initial suction is, the larger the deviator stress at the same axial strain will be, and that the PWP and the PAP decrease with an increase in the initial suction. It is known by the comparison that the simulation can describe the tested elementary behavior of silty clay, on the whole, with satisfactory accuracy.
Numerical simulation of model tests on slope failure in unsaturated Shirasu ground
In the work by Kitamura et al. (2007) , model tests with several different patterns were carried out to investigate the mechanism of slope failure in unsaturated Shirasu ground, among which three patterns are selected to simulate in 2D FE-FD analyses using the proposed numerical method.
Photo 1 shows a bird's eye view of the layout of the test (Kitamura et al. 2007 ). The ground of the model slope was made of a lightly compacted unsaturated Shirasu. The model slope was compacted carefully, layer by layer, and each soil layer was 5 cm in depth. The density of the soil for each case, listed in Table 3 , was obtained by controlling the compaction numbers (Kitamura et al. 2007 ). The slope angle was 451 and the height was 80 cm. Permeable plates were used on the edges of the soil tank to control the drainage condition of the boundaries. Fig. 4 shows the arrangement of the measuring devices and the positions of the water injection in the model tests. In Case 3, an artificial turf sheet with holes was placed on the top surface of the slope in order to prevent from the washing away of the soils when water was showered from the ceiling with a manmade rainfall system. The measuring devices, indicated by No. 1, No. 2…etc., are composed of tensiometers that were used to record the development of the suction or the negative PWP within the model ground. Fig. 5 shows the finite element mesh used in the simulation of the slope failure. The size of the FEM mesh, composed of 1681 nodes and 1600 4-node isoparametric elements, is the same as that of the model tests under plane strain conditions. The boundary conditions are given as: (a) for the displacement condition, it is fixed at the bottom in both directions and it is fixed at the vertical displacement in the x direction for only the left surface. The other surfaces are free in the x and y directions; (b) for drainage and vented conditions, the top and slope surfaces are permeable for all cases, while the bottom and left surfaces are impermeable except for the range of water injection, as shown in Fig. 6 .
The grain size distribution of the Shirasu is shown in Fig. 7 . The density of the Shirasu is about 2.42 g/cm 3 , which is smaller than that of normal sandy soil. The physical properties of the Shirasu are listed in Table 3 . In the test, since the model ground was prepared by light compaction (Kitamura et al., 2007) , the ground was under slightly overconsolidated condition at the initial state. The initial value of the state variable ρ e (¼ (λ À κ)ln OCR), based on the physical properties of the Shirasu, can be determine in the way as illustrated in Fig. 8 and its value is listed in Table 3 .
The material parameters of the Shirasu used in the simulation are estimated based on the work by Kitamura et al. (1984) in which the mechanical properties of the Shirasu under the confining stress of 0.2À 3.0 MPa was carefully investigated. These parameters are basically determined with triaxial compression tests and the method of calibration for these parameters can be referred to in the work by Zhang and Ikariya (2011) . In the present case, however, the model ground is under very low confining stress (around 10 kPa) and there are no element test results available. Therefore, the parameters listed in Table 4 are estimated based on the test results (Kitamura et al. 1984) and the assumption that the extrapolation of the e $ ln p relation to the region of p ¼ 10 kPa À 0.2 MPa is still valid. Fig. 9 shows the theoretical stress-strain-dilatancy relations at a constant confining stress, but with different constant suctions under drained and vented conditions. It should be emphasized again here that due to the absence of element test results for the Shirasu at a confining stress of 10 kPa, the simulation of the boundary value problem (BVP) for the slope failure due to rainfall in the model ground test, can only be expected to be able to give an overall description of the test, but not a precise one, because the element behavior of the ground cannot be confirmed.
It is known that a suitable initial stress field should be given in advance of any numerical calculation with FEM. The initial stress field, caused by the gravitational force and other external forces, represents the equilibrium state of the ground at the initial state. In this calculation, the gravitational loading method is adopted. Since the initial effective stress near the top surface is very small, an extra mean effective stress of 5 kPa is added to the whole area to consider the compaction effect in preparing the model slope. Fig. 10 shows the initial vertical effective stress in the calculation.
The initial negative PWP measured in the tests (Kitamura et al., 2007 ) is about À 6 $ À9kPa in all three cases. And the initial PAP is assumed as atmospheric pressure and given as 0 kPa in the test. For simplicity, the initial negative PWP is assumed in the simulation to be À 8 kPa in the whole area for the three cases. While the initial degree of saturation is 38%, the same value as in the tests. Fig. 11 shows the simulated MCC of the Shirasu for the three cases based on the test results carried out by Kitamura et al. (2007) . The parameters of the MCC are listed in Table 5 . (Kitamura et al., 2007) . It is known that the permeability of water and the permeability of air for unsaturated soil change with the degree of saturation. Many methods have been proposed in literature for the changes in permeability of water/air phases under an unsaturated condition. In the work by Kamiya et al. (2006) , a test method for measuring the permeability of air was proposed, in which the degree of saturation for an unsaturated sample can be controlled by adjusting the suction individually. It is found that the permeability of air is dependent on the degree of saturation, that is, it decreases with the increase in the degree of saturation. The permeability of air in the wetting state is smaller than that in the drying state. In the present analyses on the slope failure due to rainfall, an interpolation method is employed to describe the change in permeability 
(%) Fig. 9 . Theoretical stress-strain-dilatancy relations under different constant suctions for Shirasu. with the degree of saturation, using some values for permeability at specified values for saturation. The relation between the permeability and the degree of saturation used in the analysis is shown in Fig. 12 . It should be pointed out that by fitting the test results, in which the water permeated very quickly in Case 3, the permeability of water in Case 3 is larger than that in either Case 1 or Case 2, as shown in Fig. 12 .
In the calculations, the first stage is to calculate the initial stress field. Then, in the second stage, a prescribed increment in water head is applied. The increment in water head is the same as that of the test. 1,000 calculation steps with a time interval of 20 s/steps are conducted to simulate the infiltration of water and the seepage of negative PWP in Case 1 and Case 2. In Case 3, 1000 calculation steps with a time interval of 8 s/steps are conducted. Fig. 13 shows a comparison of the negative PWP between the test and the calculated results at some measured positions for the three cases. From these figures, it is found that, on the whole, the simulation can generally describe the development of PWP well for points far away from the slope surface. For the points along the slope surface, however, a rather large difference between the calculated and the test results exist. This might be caused by the assumption that the coefficients of permeability are the same in vertical and horizontal directions, and that the initial suction and the degree of saturation are the same for the entire model ground.
Fig. 14 shows a comparison of the changes in the distribution of saturation at different times for the three cases. In Case 1 and Case 2, it is known that the water gradually infiltrates toward the slope surface from the initial position. In Case 1, the seepage of water is more intensive than in Case 2. Therefore, 300 min after the start of the water infiltration, the soil at the toe of the slope is saturated earlier in Case 1 than in Case 2. In Case 3, the water is injected from the top of the slope surface toward the bottom. It is known from the calculation that about 50 min after the seepage, the injected water reached the bottom surface, and then the water began to accumulate at the left corner of the slope due to the impermeability of the bottom surface. An interesting phenomenon can be seen in Fig. 14(c) that until about 50 min, the degree of saturation in the top area is larger than that at the left bottom corner. Afterwards, however, the situation became conversed, that is, the degree of saturation at the left bottom corner was larger than that in the top area, showing clearly the Kitamura et al., 2007) . (a) Case 1, (b) Case 2 and (c) Case 3. migration process of the injected water due to gravitational force. This phenomenon is also confirmed with the changes in PWP at the measured points, where the PWP gradually increased 60 min after the injection, as shown in Fig. 13 . Fig. 15 shows the changes in the distribution of plastic shear strain ffiffiffiffiffiffi ffi 2I p 2 p with time for all three cases, where I p 2 is the second invariant of the deviatoric plastic strain tensor. It is found that the shear strain firstly occurred at the toe of the slope in all cases, and then propagated toward the top surface. A clear shear band has developed in Case 1 and Case 3 at the end of the calculation, but does not show up clearly in Case 2. Fig. 16 shows a comparison of the stress paths at three selected elements for the three cases in terms of mean effective stress p and shear stress ffiffiffiffiffiffiffi 2J 2 p , where J 2 is the second invariant of the deviatoric stress tensor. It is found that the stress moves toward the critical state line in all three cases during the whole seepage process. In Case 1 and Case 3, however, the stress state reaches the critical state line much earlier than in Case 2. In other words, the slope fails much earlier in Case 1 and Case 3 than in Case 2. Fig. 17 shows the calculated displacement vectors at the end of tests (also calculations) in all cases. It is known from the figure that a lager displacement along the shear band toward the slope toe developed in Case 1 and Case 3. Compared with the shear band formed in the slope shown in Fig. 15 , the stress paths shown in Fig. 16 , it is reasonable to judge that the slope is more dangerous in Case1 and Case 3 than in Case 2, which is consistent with the observed results in the tests for which an entire slope failure had occurred in Case 1 and Case 3 (Kitamura et al., 2007) . In Case 2, however, failure only happened in the vicinity area near the toe of the slope, where the maximum shear strain reached about 10%, as shown in Fig. 15 (Fig. 18) . As the permeability of air for the Shirasu is much larger, the influence of the air pressure is very small and can be ignored due to the vented condition in Case 1 and Case 2, where the air can be ventilated from the ground very easily due to the water injection from the bottom area. In Case 3, however, the permeability of air decreased greatly due to the immersed water at the top surface. As a result, the air pressure increased at the corner of the slope along with the seepage of the water from the top surface to the bottom surface, as shown in Fig. 18 . When the injected water reached the bottom surface, the air pressure reached its maximum value and then started to decrease gradually due to the escape of air from the vented boundaries, that is, the top and slope surfaces. Although the value for PAP is very small compared with that of PWP, the changing pattern with time is quite natural and can also be found in the model tests and field observations (Maeda et al. 2010) . It is reported in the works by Maeda et al. (2010) that due to the water injection on the top of a river dike from rainfall, the vented boundary of the top surface was enclosed and the air within the area enclosed with the unvented boundaries was compressed and finally blasted, which enhanced the failure of the slope. In the model tests, the compressed air pressure could not be a large value, because the height of the model ground was only 80 cm. This is the reason why the air pressure in the model ground is negligible. In field observation, however, the air pressure may become large enough when the vented boundary at the top of a dike is enclosed due to heavy rainfall, and may affect the stability of a slope.
Conclusions
In this paper, a soil-water-air fully coupling numerical method with finite element-finite difference scheme, based on a simple unsaturated constitutive model and a MCC model proposed by Zhang and Ikariya (2011) , was proposed and its validity is confirmed by the triaxial tests on unsaturated silty clay (Oka et al., 2010a) and the model tests on slope failure in a compacted unsaturated Shirasu (Kitamura et al., 2007) . The following conclusions can be made:
1. In the proposed numerical method, the field equations for the fully coupled soil-water-air three-phase problem are deduced in FE-FD scheme with a proper incorporation of the unsaturated constitutive model, in which the degree of the saturation and the overconsolidation ratio are taken as the state variables and a proper MCC considering wetdrying hysteresis is employed. The scheme is valid for both saturated and unsaturated soils. In the field equations, the PWP, the PAP and the displacement of solid phase are used as independent variables. In the FE-FD scheme, FEM is used for spatial discretization of the equilibrium equation, while the backward finite difference scheme proposed by Akai and Tamura (1978) is used for the spatial discretization of the continuity equation for water and air phases. 2. The triaxial compression tests under undrained and unvented conditions were simulated by the proposed numerical method in order to verify the validity of the proposed numerical method. In the simulation, the elementary behavior of the triaxial tests is calculated with 3D FE-FD analysis using one-element mesh. From the comparisons between the test and simulation, it is found that the proposed numerical method can well describe the test behaviors such as the skeleton stress path, the stress-strain relation, and the developments of PWP and PAP under different suctions. 3. The model tests on slope failure due to water injection or rainfall have also been simulated by the same proposed numerical method. Because the method is based on the soil-water-air fully coupling scheme, not only the seepage of water due to rainfall or water injection, the change of the degree of saturation, the migration of the air pressure, but also the mechanical behaviors of the unsaturated soil such as the deformation of the ground, the change of pore water pressure, the formation of the shear band occurred in the slope failure, can be simulated on the whole in an unified way, judging from the comparisons between the measured and calculated results. It is particularly worth mentioning that due to the incorporation of a proper constitutive model for unsaturated soil, the calculation can well simulate the different failure behavior of the model Shirasu ground observed in the tests that, in Case 1 and Case 3, the slope collapses entirely while in Case 2, only the toe of the slope failed. In the analyses, all the material parameters of the Shirasu in different test cases are the same, which makes the sense for the application of the proposed numerical method
In the simulation of slope failure due to rainfall, although the air pressure is very small, its development is well simulated qualitatively if compared with the field observations available in literature. In the future studies, verification with real scale field observations should be done. Another important issue related to the future research is the application to the deep geologic disposal of high-level nuclear waste in the unsaturated clay or soft rock, where the air pressure is expected to change largely due to hydraulic and thermal factors. Meanwhile, the water retention curve used in this formulation does not consider the influence of the change in void ratio and the stress based on the infinitesimal strain condition. This can be done by taking into consideration a finite deformation scheme in the water retention curve in further work.
Appendix A. Brief introduction of the constitutive model for unsaturated soils
In the proposed model, based on experimental results, a quantitative relation for void ratio-logarithmic mean skeleton stress e-ln p relation using the degree of saturation as a state variable is established. And it is assumed that normally consolidated line in unsaturated state (N.C.L.S.) is parallel to the normally consolidated line in saturated state (N.C.L.) but in a higher position than N.C.L., as shown in Fig. A1 , which means that under the same mean skeleton stress, unsaturated soil can keep higher void ratio than those of saturated soil.
The yield function for unsaturated soil using skeleton stress and degree of saturation as state variables can be obtained as
are the mean skeleton stress and the second invariant of deviatory skeleton stress tensor. M is the stress ratio at critical state and has the same value for saturated and unsaturated states. NðS r Þ is the void ratios at N.C.L.S. under a reference mean skeleton stress p r (Usually p r ¼ 98 kPa) and certain degree of saturation. ρ e represents a void ratio difference between the normally consolidated state and the overconsolidated state under the same mean skeleton stress. ρ s represents a void ratio difference between N.C.L. and N.C.L.S. under the same mean skeleton stress. And its yield surface is shown in Fig. A2 . The model can take into consideration both the unsaturated condition and the overconsolidated state.
From consistency equation df ¼ 0, it is known that
In Eq. (A3), it is necessary to give evolution equations for the development of the state variables ρ e of overconsolidation and ρ s of saturation, and the flow rule for plastic strain tensor in the following ways:
(ii)
(iii) 
Using Hooke's theory with stiffness tensor E ijkl , incremental stress tensor can be expressed as
Substituting this equation into Eq. (A3), the following relation can be obtained:
which results in
Therefore it is easy to define the loading criteria as 
Appendix B. Brief introduction of moisture characteristics curve (MCC)
The proposed skeleton curves for the moisture characteristics with tangential and arc-tangential functions are given in three different ways according to the state of the moisture as (i) Primary drying curve from slurry:
Secondary drying curve experienced drying-wetting process
(ii) Wetting curve 
where S d is a parameter corresponding to drying AEV and S w is a parameter corresponding to wetting AEV, as shown in Fig. A3 . c1 and c2 are scaling factors that controll the shape of the curves. S s0 r is the degree of saturation of a slurry under fully saturated condition and is equal to 1.0.
In the proposed MCC, the relation between incremental suction and incremental degree of saturation is given as
where k s is the tangential stiffness of suction-saturation relation.
As to the scanning curve in the process of drying-wetting process between the skeleton curves, the incremental relation between suction and saturation is expressed as
k s0 is the gradient of suction-saturation relation under the condition that inner variable r equals to 0. k s1 is expressed as:
where c 3 is a scaling factor which controll the curvature of the scanning curve. k s s1 is the gradient of the corresponding skeleton curve on which the moisture state (S r , s) is locating under the condition that r equals to 1, as shown in Fig. A3 . According to the illustration in Fig. A3 
In the proposed method, we use different shape function for the displacement and the pore water and air pressures in the discretization of the variables in FEM. The variables of the displacement are given at the nodes and the variables of the pore pressures are given at the gravitational center of the element and denoted as p w dE and p a dE respectively. For one element, u ! N is the nodal displacement vector of all nodes, the displacement vector (or virtual displacement vector) of any arbitrary point within this element, u ! s (δ u ! s ), can be expressed by the nodal displacement vector of u !
where ½N is the shape function matrix. The strain vector at any arbitrary point within the element can be written as 
Because the pore air pressure (PAP) is also assumed to be constant within an element, Eq. (C17) can be rewritten as
where,
The volume integration of the second term on the left side of Eq. (C18) can also be calculated by the same way as water phase
